One of the hardest problems to tackle in the dynamics of canonical approaches to quantum gravity is that of the Hamiltonian constraint. We investigate said problem in the context of formal geometric quantization. We study the implications of the non uniqueness in the choice of the vector field which satisfies the presymplectic equation for the Hamiltonian constraint, and study the implication of the same in the quantization of the theory. Our aim is to show that this non uniqueness in the choice of said vector field, which really stems from refoliation invariance leads to a very ambiguous notion of quantum evolution. We then investigate the case of a theory where the problem of the Hamiltonian constraint has been dealt with at the classical level, namely Shape Dynamics, and attempt to derive a time dependent Schrodinger equation for the quantum dynamics of this theory.
Introduction
The process of geometric quantization is one through which the quantum Hilbert space is attained from the classical phase space by means of pre-quantization wherein one constructs a Hermitian line bundle equipped with a connection whose curvature equals the symplectic form of the base space here being the classical phase space of the system under consideration. This is followed by finding a suitable polarization of this pre-quantum line bundle in order to remove 'half' the degrees of freedom. Finally, one arrives at the quantum Hilbert space by means of Metaplectic correction. This strategy has been applied to constrained systems too, although, there are some additional steps that are involved in the aforementioned process. In this paper we investigate the implications of applying this procedure to canonical theories of general relativity, where, the Hamiltonian is but a sum of constraints and one of these constraints, namely the scalar Hamiltonian constraint seems to be the source of many of the problems in the dynamics of the quantum theory. In the following section, we shall describe the classical phase space of canonical ADM gravity.
The Classical Phase Space of Canonical Gravity
In classical ADM general relativity, the configuration space is that of Riemannian three geometries, and the phase space is the cotangent bundle of the same. In this paper we denote it as Γ. Here, as the system is constrained, the geometry of Γ is said to be presymplectic which implies that the counterpart of the symplectic form on the phase space is only weakly non degenerate i.e. it is degenerate everywhere except on the surfaces wherein the constraints vanish (see [15] ). The Hamiltonian is given by
We attain the constraint hypersurface by imposing
In totality
, On this hypersurface, there exists the presymplectic form
Here, d δ is the functional exterior derivative. We now use the fact that any symplectic vector field on the constraint hypersurface will be locally Hamiltonian for it's flow preserves Ω i.e.
Here i is the inclusion map fromΓ to Γ. From the above calculation we obtain the (locally) Hamiltonian vector field
Thus, the presymplectic equation is
Here, the map ♭ : T Γ → T * Γ is surjective only when restricted toΓ, in accordance with the Gotay-Nester presymplectic algorithm. It's action is defined as
onΓ. The total Hamiltonian vector field splits up into a vector field that generates evolution and an infinitesimal generator of the diffeomorhism group action on phase space, given by
respectively. It can be shown that the constraint corresponding to the latter (i.e. the diffeomorphism constraint) is an equivariant moment map and a symplectic reduction by it is possible.
Geometric Quantization and Geometrodynamics
In this section we shall deal with the problems related to the formal geometric quantization of geometrodynamics. In particular we shall investigate the problems with trying to quantize the scalar Hamiltonian constraint to yield the Wheeler-Dewitt equation. First, we do the pre-quantization. The prequantization of (Γ, Ω) is a line bundle (L, D Θ ); π : L →Γ where
That is, the curvature of the line bundle equals the symplectic form, upto a multiple of 1 over the Planck's constant. Consequently, the connection D θ is given by:
where d δ Θ = Ω. We choose a real polarization P which is an involutive distribution and satisfies P ⊥ = P . In this case P = span δ δπ ab P polarized sections Ψ are those which satisfy
Finally, in order to attain a Hilbert space, one needs to associate with the above structure an inner product, which shall be left arbitrary in our present discussion for it will not have bearing on the analysis that shall follow. Before we begin our discussion about the quantization of the scalar constraint, we shall first define the flow of it's Hamiltonian vector field. The flow of the evolutionary vector field is given by the solution to the Cauchy problem
onΓ. The formal solution to the above is given by
The quantized Hamiltonian constraint most definitely changes the polarization on action on Hilbert space. This can be characterized as follows: AsĤ(N ) moves Ψ out of P , the evolved state
is polarized with respect to P λ which is the pull back polarization
Now, it is straightforward to define the quantum operator corresponding to H(N ) as
Here Π λ is the projection operator from the evolved to the λ = 0 Hilbert space (corresponding with the projection from P λ to P ). It should be noted that we are not going to the full extent of geometric quantization of functions that do not preserve the polarization wherein one would have to deal with the BKS kernel for the quantization of this operator, we simply use this naive form of quantization in order to exhibit the problems associated to quantizing such a constraint. Under the assumption that the scalar constraint generates physical evolution as opposed to gauge motion and the lack of a true Hamiltonian imply that there is nothing holy about the form of the equations of motion of this theory. In order to make this statement more precise, we note that, in general, the constraint sub-manifold that the Gotay Nester algorithm yields need only satisfy the equation
and,
TΓ ⊥ is the symplectic orthogonal of TΓ. This implies that the dynamical orbit of the system on phase space would correspond to the integral surfaces of the Hamiltonian vector field on the final constraint submanifold, but in the theory we have here, the absence of the true Hamiltonian means that the previous equation would not have a non zero R.H.S even onΓ. Now, for a general Hamiltonian system constrained (but not totally constrained) or otherwise, the dynamics of the system is uniquely determined by it's deterministic trajectory on phase space (or on the reduced phase space in the case of a constrained theory), and this trajectory is but the integral curve of the Hamiltonian vector field. But, in this theory, due to re-foliation invariance, we see the criterion for said vector field to satisfy the presymplectic equation is too large, and so the flows are not unique, and the non uniqueness in their choice reflects refoliation invariance. So it would be very ambiguous indeed to try and quantize the Hamiltonian constraint with the above technique, also, the fact that there is one such constraint per space point contributed greatly to this ambiguity in dynamics we profess here. In order to demonstrate this, let us consider a pair of curves on the constraint surfaceΓ, and let them be identical (i.e. congruent) upto a phase space three geometry z I 0 where after they differ only in the choice of lapse, i.e. they would correspond to say, f [8] ). As it is seen that as the Hamiltonian constraint changes the polarization it acts on, and the way we deal with it is through pulling back the polarization with the flow corresponding to it's vector field, our current discussion on the indeterminism associated with said flows due to re-foliation invariance tells us why it would be problematic to attain a unique Π λ . Also reducing the phase space of canonical gravity is not feasible as quotienting by the action of the scalar constraint would be the same as identifying the past and the future of the system. We shall look now to a more prudent means of solving this problem, that is, the theory of Shape Dynamics.
The Case for Shape Dynamics
In this section we shall discuss the theory of Shape Dynamics which is a theory that shares the phase space of ADM gravity but possesses spatial conformal symmetry and the Hamiltonian constraint no longer persists in this theory as it possesses a true Hamiltonian. We shall not delve into the derivation of the theory from the linking theory construction, but we shall present the symplectic reduction of the theory by it's associated symmetries. This theory is ,strictly speaking, not one of geometrodynamics, i.e. it is not a theory that comes out of gauge fixing the ADM phase space. But, a transition can be made between this theory and ADM in CMC (constant mean curvature) gauge, and both ADM gravity and Shape Dynamics are different limits of a larger Linking theory. For further details regarding said details, we refer the reader to ([11])
Reduction of the Classical Theory
The Hamiltonian of Shape Dynamics is given by
Here e 6φ is the conformal factor. This solves the Lichnerowicz York equation:
which always has a unique solution. The physical Hamiltonian is given by
and, the conformal and diffeomorphism constraints are given by
respectively. Before moving on to the reduction, we shall first define the group of diffeomorphisms that we are considering. It is the proper subgroup of the Diffeomorphism group where the group action fixes a preferred point ∞ ∈ Σ and the tangent space at that point i.e
This ensures that the action of this group is free and proper when Σ is connected and compact, which is true for the topology of S 3 that we fix here, and so superspace is ensured to be a manifold. The presymplectic form on the phase space of shape dynamics is given by
And, it's corresponding presymplectic potential is given by
First, we note that the two constraints of this theory are Dif f F (Σ) and Conf (Σ) equivariant moment maps, here Conf (Σ) is the group of conformal transformations on Σ. This means that
and
. That is, they are maps from the phase space to the dual of their corresponding Lie Algebras. Their equivariance is shown via
G Ha(ξ a ) has the same form as was given in the previous section, and
On individually reducing the phase space by the two constraints we get the reduced phase spaces
Now, the reduced phase space of Shape Dynamics is given bȳ
HereΓ SD is the reduced phase space of Shape Dynamics andΓ SD is the constraint submanifold satisfying
We shall denote the symplectic form on the reduced phase space asΩ SD . In order to attain the equations of motion on the reduced phase space, it will be convenient to 'suspend'Ω SD by adding to it the two form −d δ H SD ∧ d δ τ . τ here is the York time given by τ = 3 2 trπ .
The triangle brackets denote mean w.r.t √ γ. The equation that the suspended symplectic structure has to satisfy is given by
This gives us the suspended Hamiltonian vector field
Therefore, equation ( 
Dimensionless, Conformally Invariant Parameterization Of Phase Space
In order to attain a dimensionless, conformally invariant parameterization of phase space, a unimodular metric
and the corresponding momenta
Here Y 0 is some initial value of the York time, and so the new 'time' in this thoery is given by the dimensionless
The Symplectic structure now satisfies
Here we dub δ T = 
Geometric Quantization
Now we shall attempt to quantize Shape Dynamics using the procedure outlined in the previous sections, but a little more care shall be taken in this sub section regarding the structures used. We ought begin with prequantization, where, we first define the pre-quantum line bundle (L SD , DΘ) overΓ SD . Apart from the usual prequantization condition which dictates that
We have the conditions
and DΘ(J C(ρ) ) = π * LSD C(ρ) Here, π LSD is the bundle projection π LSD : L SD →Γ SD . We see that the pre-quantum connection is given by
The polarization P SD is, in general, a distribution belonging to TΓ SD ⊗ C. In this case, we choose the polarization to be real, i.e.
More specifically, we choose the vertical polarization (locally) given by
Here, ψ is a section of the polarized Hermitian line bundle L P SD . All that's left is to introduce the inner product on L P SD given by
Here,
where ǫ aba1b1a2b2 is nowhere vanishing on the conformal superspace of Shape Dynamics. We shall now derive the Schrodinger equation for the quantum evolution of Shape Dynamics. To begin, we first redefine the classical flow of H SD with respect to York time, and so it will be given by
From the Hamilton equations derived in the previous section, we know that
Thus we can write the flow of the Hamiltonian as
For any function F onΓ SD , the quantum operator corresponding to it is given byF
Thus, for the Hamiltonian, we havê
Which is but the time dependent Schrodinger equation for this theory. Firstly, we see that due to the presence of the York time, we can associate the flow of the Hamiltonian with a much simpler one. On hindsight, it is worthy of note that Shape Dynamics solves the problem identified in the previous section with the quantization of geometrodynamics, as in this theory, there is a true Hamiltonian, which generated deterministic evolution with respect to the York time, so here, the problem of re-foliation invariance no longer persists as Shape Dynamics is known to be equivalent to ADM gravity in CMC gauge (although the notion of space-time foliation has no meaning in Shape dynamics itself). We shall now attempt to construct an evolution operator for this theory. First, the action of the quantum flow of H SD is given bŷ 
to give the reader at least a glimpse of what the true theory of quantum gravity should look like. Also, we have chosen the strategy reduce, then quantize, so we do not have the constraints at the quantum level, which would be the case if we did this the other way around, as both the constraints in this theory are linear in the momenta and are equivariant moment maps, quantization would commute with reduction.
